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Abstract: We study the time evolution of holographic subregion complexity (HSC)
in Vaidya spacetime with dS boundary. The subregion on the boundary is chosen to
be a sphere within the cosmological horizon. It is found that the behaviour of HSC is
similar to that in cases with flat boundary. The whole evolution can be divided into
four stages: First, it grows almost linearly, then the growth slows down; After reaching
a maximum it drops down quickly and gets to saturation finally. The linear growth
rate in the first stage is found to depend almost only on the the mass parameter. As
the subregion size approaches the cosmological horizon, this stage is expected to last
forever with the subsequent three stages washed out. The saturation time t˜sat depends
almost only on the subregion size R˜ as t˜sat = tanh
−1(R˜) which is linear in R˜ when R˜
is small but logarithmically divergent as R˜ approaches the cosmological horizon.
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1 Introduction
In past decades, with the idea of AdS/CFT or the more generic holographic princi-
ple [1–3], physicists are trying to build a bridge connecting gravity and other areas of
modern theoretical physics, such as condensed matter physics (CMT) [4–8], QCD [9–
11], cosmology [12], quantum information theory (QIT) [13–15] and etc. It is hoped
that this bridge may help us get insights into both the strongly coupled problems in
the quantum field theory (QFT) side as well as the origin of spacetime in the gravity
side. After decades’ efforts, several precise correspondences between the two sides are
proposed. Recently, Susskind and his collaborators conjecture that complexity of the
boundary QFT may be related to the interior geometry of black hole in the gravity
side [16]. In QFT (or QIT), complexity of a target state is an important concept defined
as the minimum number of unitary operators (or gates) needed to prepare the state
starting from some reference state (for example the vacuum). So far, this conjecture
has been refined into two concrete proposals, namely the CV (complexity=volume) and
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CA (complexity=action) conjectures. In the CV conjecture, complexity of a state living
on a time slice Σ of the boundary equals to the extremal volume of a codimension-one
hypersurface B in the bulk ending on Σ at the boundary [17], that is
CV (Σ) = max
∂B=Σ
(
Vol(B)
GNR
)
, (1.1)
where GN is the gravitational constant and R is some typical length scale of the bulk
geometry, for example the AdS radius or the horizon radius. While the CA conjecture
states that complexity of a state equals to the on-shell gravitational action evaluated
on the so-called Wheeler-DeWitt (WDW) patch of the bulk spacetime [18, 19]. Each
conjecture has its own merits and demerits respectively [20]. Inspired by these ideas,
an amount of work are raised to study the holographic complexity for various gravity
models to check these proposals [21–63].
The above two conjectures are for the whole boundary system which both are then
extended to be defined on subsystem respectively in Refs. [64] and [52] later, and they
are now called holographic subregion complexity (HSC). The subregion CV proposal
is a natural extension of the well-known Hubney-Ryu-Takayanagi (HRT) holographic
entanglement entropy (HEE) conjecture [65, 66]. Namely, complexity of a subregion
A of the boundary system equals to the volume of the extremal codimension-one hy-
persurface ΓA enclosed by A and the corresponding Hubney-Ryu-Takayanagi (HRT)
surface γA [65, 66], that is
C(γA) = Vol(ΓA)
8piGd+1L
, (1.2)
where L is the AdS radius. Later studies suggest that it should be dual to the fidelity
susceptibility in QIT [64, 67]. While in the subregion CA proposal, complexity of
subregion A is given by the on-shell gravitational action evaluated on the intersection
region between WDW patch and the so-called entanglement wedge [68, 69]. Also,
lots of work and effort have been devoted to understand the holographic subregion
complexity [70–87].
On the other hand, in the so-called ”holographic thermalization” topic, the AdS/CFT
duality has been applied successfully to study the physics in non-equilibrium processes,
especially the thermalization process of hot QCD matter which is strongly coupled and
produced in heavy ion collisions at the Relativistic Heavy Ion Collider [11, 88–90]. Ac-
cording to the AdS/CFT dictionary, the thermalization process in the boundary QFT
system is dual to a black hole formation process in the bulk which can be modelled
simply by a Vaidya-like metric. There are already lots of work on this topic and many
interesting results are obtained. For more details on this topic, please refer to the
review [91] and references therein.
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Complexity in the holographic thermalization process is also studied to investigate
its time evolution behaviours under thermal quench. In Refs. [54, 55], by applying the
CV and CA conjectures, it is found that the late time growth of holographic complexity
in the Vaidya spacetime is the same as that found for an eternal black hole. In Ref. [82],
the time evolution of subregion complexity is studied in the process with the subregion
CV conjecture. And the results show that the subregion complexity is not always a
monotonically increasing function of time. Actually, it increases at early time, but
after reaching a maximum it decreases quickly and gets to saturation finally. For other
related work, please see Refs. [83, 92–95]
However, it should be noted that the boundary QFTs considered in the above
mentioned work are usually living on the flat Minkowski spacetimes. It would be
interesting to generalize the discussions to more realistic situations where QFTs lives
on curved spacetimes, which may hep us to understand the extremely hot and condensed
physics such as in the very early universe. Several holographic models of the quantum
field theory in curved spacetimes (QFTCS) have already been proposed in de Sitter
(dS) spacetime and other cosmological backgrounds (please refer to the review [96]
for details). Here we would like to mention the work done in Ref. [97], where an
interesting holographic model was built to relate the QFTs living on the dS boundary
to the bulk Einstein gravity. Employing this model, the thermalization process of QFTs
in dS spacetime is studied holographically in Ref. [98]. By applying the holographic
entanglement entropy as a probe, the whole thermalization is found to be similar to the
flat boundary case [99, 100] and can be divided into a sequence of processes. Moreover,
the saturation time is found to depend almost only on the entanglement sphere radius.
When the radius is small, the saturation time is almost a linear increasing function
of the radius, as expected to coincide with the result of the flat boundary case at
this time [91]. However, when the radius becomes larger and larger to approach the
cosmological horizon, the saturation time blows up logarithmically. Later, the study
is extended to include the effect of higher-derivative terms, such as the Gauss-Bonnet
correction [101]. And it is found that increasing the Gauss-Bonnet coupling will shorten
the saturation time. Please also refer to Refs. [102–104] for other related work on
AdS/CFT with dS boundary.
As the deep connection between holographic entanglement entropy (HEE) and
holographic subregion CV (HSCV), it would be interesting to study the time evolution
of subregion complexity in the thermalization process of the QFTs living on dS space-
time within the above model. It is natural to ask the following questions: How the
existence of the cosmological horizon affects the behaviour of HSCV? Whether the time
evolution behaviours of HSCV can be used to describe the the whole thermalization
process? Is there any difference between behaviours of HSCV and HEE? The main goal
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of this work is trying to address these questions.
The work is organized as follows. In the next section, we will give a brief review
of the holographic model of QFTs in dS spacetime proposed in Ref. [97], including the
Vaidya-like solution. Then in Sec. III, we study in detail the time evolution of HSCV in
the thermalization process. Due to the complication of the equations needed to solve,
we rely mainly on numerical calculations. The final section is devoted to discussions
and summary.
2 Gravity solutions with dS boundary
In this section, following Refs. [98, 101], we will briefly review the bulk solutions in
Einstein gravity with a foliation such that the boundary metric corresponds to a de
Sitter spacetime. Three relevant solutions will be presented, including a vacuum AdS,
a static AdS black hole and its Vaidya-like cousin.
2.1 Action
We consider (d+ 1)-dimensional Einstein-Hilbert action as follows
S =
1
16piGN
∫
dd+1x
√−g (R− 2Λ) , (2.1)
where GN is the Newton constant and Λ negative cosmological constant. The action
gives the following equations of motion
Rµν − 1
2
gµνR + Λgµν = 0. (2.2)
For asymptotically AdS spacetime, the metric can be written in the Fefferman-
Graham form [105]
ds2 =
L2
z2
(
gµν(z, x)dx
µdxν + dz2
)
, (2.3)
where L is the AdS raduis related to the cosmological constant as Λ = −d(d−1)
2L2
. The
dual quantum field theory lives at the conformal boundary z = 0 with a metric ds2Σ =
gµν(0, x)dx
µdxν . In this paper, we are interested in cases where the boundary metric
ds2Σ corresponds to a dS spacetime in certain coordinates.
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2.2 AdS vacuum solution
The equations of motion (2.2) admit an AdS vacuum solution as
ds2 =
L2
z2
(−f(r)g(z)dt2 + f−1(r)g(z)dr2 + r2g(z)dΩ2d−2 + dz2) ,
f(r) = 1−H2r2, g(z) =
(
1− H
2z2
4
)2
. (2.4)
The conformal boundary locates at z = 0 with conformally reduced metric
ds2Σ = −f(r)dt2 + f−1(r)dr2 + r2dΩ2d−2, (2.5)
which is just the dS spacetime in the static patch with a cosmological horizon at
r = 1/H, where H denotes the Hubble constant.
The AdS vacuum solution is dual to the vacuum state of the dual QFT with the
latter can be taken as the well-known Bunch-Davis or Euclidean vacuum. For a geodesic
observer sitting at r = 0, the Bunch-Davis vacuum appears to have temperature TdS =
H/2pi natural for the existence of the cosmological horizon.
2.3 AdS black hole solution
The equations of motion (2.2) also admit an AdS black hole solution with the dS
boundary (2.5)
ds2 =
L2
z2
(
−h(z)dt2 + dz
2
h(z)
+
H2L2
f(r)2
dr2 +
H2L2
f(r)
r2dΩ2d−2
)
,
h(z) = 1− z
2
L2
− mz
d
L2(d−1)
. (2.6)
The event horizon z+ is given by the largest positive root of h(z). The mass parameter
m can be written in terms of the horizon as
m =
L2(d−1)
zd+
(
1− z
2
+
L2
)
. (2.7)
The Hawking temperature of the black hole is
TH =
L2d− (d− 2)z2+
4piL2z+
. (2.8)
It should be noted that the zero temperature limit of the black hole solution (2.6) is
the not the solution with m = 0 which is isometric to the AdS vacuum solution (2.4).
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Actually, the zero temperature limit of the solution has the smallest horizon radius and
most ”negative” mass as
zext+ = L
√
d
d− 2 , m
ext = − 2L
2(d−1)
(d− 2)(zext+ )d
(2.9)
This means that when the mass is negative in the range 0 > m > mext, the black hole
still has a regular horizon and reasonable thermodynamics. This is a typical behavior
of topological black holes.
Holographically, the black hole solution is dual to the QFT on the static patch of
dS spacetime at the temperature given by Eq. (2.8). Note that this temperature does
not have to be the same as the dS temperature TdS. For more discussions on this point,
please refer to Ref. [98].
2.4 Vaidya-like solution
Our aim is to study the holographic thermalization process of the dual QFT under
quench. This process can be simply described holographically by a Vaidya-like geometry
in the bulk.
Going to the Eddington-Finskelstein coordinates and introducing a time-dependent
mass parameter, from the black hole solution one can obtain its Vaidya-like cousin as
ds2 =
L2
z2
(
−h(v, z)dv2 − 2dvdz + H
2L2
f(r)2
dr2 +
H2L2
f(r)
r2dΩ2d−2
)
,
h(v, z) = 1− z
2
L2
− m(v)z
d
L2(d−1)
. (2.10)
External source should be introduced to maintain the equations of motion
Rµν − 1
2
gµνR + Λgµν = 8piGNT
ext
µν ,
8piGNT
ext
µν =
(d− 1)zd−1
2L2(d−1)
dm(v)
dv
δµvδνv, (2.11)
which implies that the infalling shell is made of null dust. We take the form of the
mass function as
m(v) =
M
2
[
1 + tanh
(
v
v0
)]
, (2.12)
where M > 0 is the total mass of the dust shell and v0 of its thickness. Then the
solution describes the collapsing of the null dust shell from the boundary into the bulk
to form a black hole. At the QFT side, it corresponds to a sudden global injection
of energy into the system and then let it evolve from the Bunch-Davis vacuum to a
thermal state with T > TdS.
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3 Holographic entanglement entropy and subregion complex-
ity
In this section, by applying the holographic subregion CV (HSCV) (1.2), we will study
the time evolution of holographic subregion complexity in the thermalization process
which is described by the Vaidya-like geometry holographically.
On the boundary at time t˜, taking into account the symmetry of the Vaidya-like
metric (2.10), it is convenient to choose the subregion A to be a (d − 1)-dimensional
sphere centred at r˜ = 0 (r˜ ≡ Hr) with raduis R˜. According to the conjecture (1.2),
the holographic subregion complexity of A is given by the extreme volume of the
codimension-one hypersurface ΓA enclosed by A and its corresponding HRT surface
γA. So, to study the holographic subregion complexity, we should first find the HRT
surface γA whose area gives the holographic entanglement entropy.
3.1 Holographic entanglement entropy
Considering the symmetry, the HRT surface γA in the bulk can be parameterized by
functions z(r˜) and v(r˜), with the boundary conditions
z(R˜) = , v(R˜) = t˜, (3.1)
where  is an UV cutoff constant. At the tip of the HRT surface, taking into account
the symmetry, we have
z′(0) = v′(0) = 0, z(0) = z∗, v(0) = v∗, (3.2)
where (z∗, v∗) are two parameters labelling the location of the tip and the prime denotes
derivative with respect to r˜. The induced metric on γA is
ds2 =
L2
z2
(
L2
(1− r˜2)2 − h(v, z)v
′2 − 2v′z′
)
dr˜2 +
L4
z2
r˜2
1− r˜2dΩ
2
d−2. (3.3)
The holographic entanglement entropy functional is given by the area of the HRT
surface
S = L
2d−3
4GN
Ωd−2
∫ R˜
0
dr˜
zd−1
QP d−2, (3.4)
Q ≡
√
L2
(1− r˜2)2 − h(v, z)v
′2 − 2v′z′, P ≡ r˜√
1− r˜2 .
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To find the extreme value of this functional, we need to solve the two equations of
motion, which can be obtained by varying the functional and are rather complicated
h2
(
r˜2 − 1)2 v′3 ((d− 1) (r˜2 − 1) r˜z′ + (d− 2)z)
+v′
((
r˜2 − 1) z′ ((r˜2 − 1) (2z′ ((d− 1) (r˜2 − 1) r˜z′ + (d− 2)z)− r˜ (r˜2 − 1) zz′′)− (d− 1)hL2r˜)
+hL2z
(−d+ 2r˜2 + 2))
+3h
(
r˜2 − 1)2 v′2z′ ((d− 1) (r˜2 − 1) r˜z′ + (d− 2)z)− (d− 1)L2r˜ (r˜2 − 1) z′2
+L2z
(−d+ 2r˜2 + 2) z′ + v′′ (hL2r˜ (r˜2 − 1) z + r˜ (r˜2 − 1)3 zz′2)+ L2 (r˜2 − 1) r˜zz′′ = 0,
(3.5)
(d− 1)h2r˜ (r˜2 − 1)4 v′4 − 2(d− 1)hL2r˜ (r˜2 − 1)2 v′2
+z′
(
3(d− 1)hr˜ (r˜2 − 1)4 (v′)3 − 3(d− 1)L2r˜ (r˜2 − 1)2 v′
+z
(
r˜
(
r˜2 − 1)4 v′v′′ − 2(d− 2) (r˜2 − 1)3 v′2))
+z
(
(2− d)h (r˜2 − 1)3 v′3 + L2 (r˜2 − 1) (d− 2r˜2 − 2) v′ − L2r˜ (r˜2 − 1)2 v′′)
+(d− 1)L4r˜ + 2(d− 1)r˜ (r˜2 − 1)4 v′2z′2 − r˜ (r˜2 − 1)4 zv′2z′′ = 0.
(3.6)
To avoid symbol confusion, we denote the solution of the above two equations as
(v0(r˜), z0(r˜)) which parameterize the HRT surface. The relation between v and z on
the HRT surface, denoted as v0(z), can be obtained by eliminating the parameter r˜
from the two functions.
Generally, the HEE (3.4) is ultra-divergent. To remove the divergence and for
convenience, we define a normalised HEE as
Sˆ ≡ 4GN(SV aidya − SAdS)
VA
, (3.7)
where SAdS is the HEE for the same subregion A in pure AdS geometry. And VA ≡
Ld−1Ωd−2
∫ R˜
0
r˜d−2
(1−r˜2)d/2dr˜ = L
d−1Ωd−2 R˜
d−1
d−1 2F1
(
d−1
2
, d
2
, d+1
2
, R˜2
)
is the volume of the sub-
region A 1. So, Sˆ can be seen as a normalised entanglement entropy density.
3.2 Holographic subregion complexity
Due to the spherical symmetry, the co-dimension one extreme hypersurface ΓA, enclosed
by A and the HRT surface γA, can be parameterized by function v = v(z, r˜). The
1Actually, it should be noted that VA is divergent as R˜ approaches the cosmological horizon to
cover the whole boundary space.
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induced metric on ΓA is
ds2 =
L2
z2
[
−
(
h
∂v
∂z
+ 2
)
∂v
∂z
dz2 − 2
(
h
∂v
∂z
+ 1
)
∂v
∂r˜
dzdr˜
+
(
L2
(1− r˜2)2 − h
(
∂v
∂r˜
)2)
dr˜2 +
L2r˜2
1− r˜2dΩ
2
d−2
]
. (3.8)
According to the HSCV proposal (1.2), the holographic subregion complexity functional
of ΓA is
C = L
2d−2Ωd−2
8piGNL
∫ z∗
0
dz
∫ r˜(z)
0
dr˜NP d−2z−d, (3.9)
N ≡
√
−
[
L2
(1− r˜2)2 − hv
2
r˜
]
(hvz + 2)vz − (hvz + 1)2v2r˜ , P ≡
r˜√
1− r˜2 ,
where vz ≡ ∂v∂z and vr˜ ≡ ∂v∂r˜ . To extremizing the HSCV functional, we need to solve the
equation of motion which can be obtained by varying the functional with respect to
v(z, r˜)
L2r˜vz
(
L2 (vz (2dh (hvz + 3)− zvz (hv + hhz)− 3zhz) + 4d)− 2
(
r˜2 − 1)2 zvrr (hvz + 2))
+2L2
(
r˜2 − 1) zvr ((d− 2 (r˜2 + 1)) vz (hvz + 2) + 2 (r˜2 − 1) r˜vzr (hvz + 1))
+2L2
(
r˜2 − 1)2 r˜v2r (vz (dh− zhz) + d− hzvzz) + 2(d− 2) (r˜2 − 1)3 zv3r + 2L4r˜zvzz = 0.
(3.10)
At first glance, it seems difficult to solve the above equation. However, it is interesting
to note that v(z, r˜) = v0(z) is just the solution (Here we would like to emphasize again
that v0(z) is just the function giving the relation between v and z on the HRT surface),
which can be checked directly by plugging v0(z) into the equation. This simply means
that ΓA is just formed by dragging the HRT surface γA along the r˜ direction. Similar
feature has already been observed in flat boundary case with strip subregion in Ref. [82].
As HEE, HSC is also ultra-divergent, so we can also define a normalised HSC
density as
Cˆ ≡ 8piGL(CV aidya − CAdS)
VA
, (3.11)
where CAdS is the HSCV for A in pure AdS geometry.
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3.3 Numerical results
Having set up the general frame work of HEE and HSCV, now we are ready to study
the time evolution of HSC in holographic thermalization. Due to the complication of
the equations needed to solve, we rely on numerical method. And for convenience, we
set the AdS radius L = 1.
3.3.1 General behaviours
In Fig. 1, we plot the time evolution of normalised HSC density Cˆ for various R˜ with
fixed spacetime dimension. From the figure, one can see that the time evolution of Cˆ is
not a monotonically increasing function of the time. Rather, it can be divided into four
stages: After quench, firstly it grows quickly and almost linearly, then the growth slows
down; After reaching a maximal value Cˆmax it starts to drop down fast,and shortly after
the drop down stops and it saturates to a constant value Cˆsat finally. Moreover, it is
interesting to note that the final saturation constant may be negative, which means that
the final value of the complexity may be smaller than its initial value. These behaviours
are very different from that in CV or CA conjectures, where the complexity is always
a monotonically increasing function of time [54, 55]. Similar behaviours have been
observed in flat boundary cases with strip subregion [82, 92], indicating universality of
the behaviours.
R˜=0.3
R˜=0.5
R˜=0.7
R˜=0.9
0.5 1.0 1.5 2.0 t˜
0.0
0.1
0.2
0.3
0.4
 d=2
R˜=0.3
R˜=0.5
R˜=0.7
R˜=0.9
0.5 1.0 1.5 2.0 t˜
0.00
0.05
0.10
0.15
0.20
0.25
 d=3
R˜=0.3
R˜=0.5
R˜=0.7
R˜=0.9
0.5 1.0 1.5 2.0 t˜
0.00
0.05
0.10
0.15
0.20
 d=4
Figure 1: (colour online) Time evolution of normalised HSCV density Cˆ for various R˜
with fixed d. The mass is fixed as M = 1.
From Fig. 1-3, one can see that the maximal value Cˆmax depends on the subregion
size R˜, the spacetime dimension (d + 1) and the mass parameter M . Increasing R˜ or
M will yield a bigger Cˆmax, while increasing the dimension will, on the contrary, lower
the maximal value.
Moreover, one can also see that the final saturation constant Cˆsat also depends on
(R˜, d,M) but in a more complicated way.
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M=1
M=2
M=5
M=10
0.2 0.4 0.6 0.8 1.0 t˜-0.2
0.0
0.2
0.4
0.6
0.8
1.0
1.2
 d=2
M=1
M=2
M=5
M=10
0.2 0.4 0.6 0.8 1.0 t˜
0.0
0.2
0.4
0.6
0.8
 d=4
Figure 2: (colour online) Time evolution of normalised HSCV density Cˆ for various
M with fixed d. The subregion size is fixed as R˜ = 0.5.
d=2
d=3
d=4
0.2 0.4 0.6 0.8 1.0 t˜-0.02
0.00
0.02
0.04
0.06
0.08
0.10
0.12
 R=0.5
d=2
d=3
d=4
0.5 1.0 1.5 2.0 t˜
0.0
0.1
0.2
0.3
0.4
 R=0.9
Figure 3: (colour online) Time evolution of normalised HSCV density Cˆ for various d
with fixed R˜. The mass is fixed as M = 1.
3.3.2 Linear growth stage
Let us focus on discussing the first stage when Cˆ grows almost linearly in time, i.e.,
dCˆ
dt˜
∼ A, (3.12)
where A is the proportional constant which may depend on (R˜, d,M). From Fig. 1-3,
one can see that A is nearly independent of R˜ and d; While it strongly depends on M .
By fitting the numerical data, it is found that A ≈ 0.4M .
From Fig. 1, one can also see that larger the subregion size R˜ is, longer time the
linear growth stage lasts. It is expected that as R˜ approaches the cosmological horizon
r˜ = 1 to cover the entire boundary space, the linear growth stage will last forever which
agrees well with the CV conjecture. We can see this point more clearly in Fig. 4 where
we take d = 2 case as an example. We will give more evidences on this point later.
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R˜=0.9
R˜=0.98
R˜=0.99
R˜=0.995
1 2 3 4 t˜
0.0
0.2
0.4
0.6
0.8
 d=2
Figure 4: (colour online) Time evolution of normalised HSCV density Cˆ for various R˜
with fixed d. The mass is fixed as M = 1.
3.3.3 Saturation time
In Refs. [35, 98], one defines the saturation time as the time HEE approaches a constant.
Similarly, for the complexity, we can also define a saturation time t˜sat as the time Cˆ
reaches its saturation constant Cˆsat.
In Fig. 5, we plot the time evolution of the two observables, Sˆ and Cˆ to make
a comparison. From the figure, we can see the well-known fact that Sˆ is always a
monotonically increasing function of time. Moreover, from Fig. 5 and Fig. 2, one can
see that Sˆ and Cˆ reache their saturation values at almost the same time. And their
saturation time t˜sat is nearly independent of d and M .
d=2 
d=2 
d=4 
d=4 
0.2 0.4 0.6 0.8 1.0 1.2 1.4 t˜
0.00
0.05
0.10
0.15
0.20
R

=0.5
d=2 
d=2 
d=4 
d=4 
0.5 1.0 1.5 2.0 2.5 3.0 t˜
0.0
0.1
0.2
0.3
0.4
R

=0.9
Figure 5: (colour online) Time evolution of HEE and Cˆ for fixed d. The mass parameter
is fixed as M = 1.
In Fig. 6, the saturation time t˜sat for Cˆ as a function of the subregion size R˜ is
plotted. The numerical results can be well fitted by the function t˜sat = tanh
−1(R˜),
as for the HEE [98]. It is interesting to note that the t˜sat is just the time light takes
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travelling from the origin r˜ = 0 to the boundary of the subregion r˜ = R˜.2 From
the figure and the fitting, one can easily see that t˜sat is linear in R˜ when R˜ is small;
However, as R˜ approaches the cosmological horizon r˜ = 1, the saturation time diverges
logarithmically and thus the linear growth stage will also last forever, as we already
mentioned above.
0.0 0.2 0.4 0.6 0.8 1.0 R˜
0.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
t˜ sat
d=2
Figure 6: (colour online) Saturation time t˜sat as a function of the subregion size R˜.
Red dots correspond to numerical results while the solid blue curve represents the
fitting function t˜sat = tanh
−1(R˜). Space dimension and mass parameter are fixed as
d = 2 and M = 1, respectively.
4 Summary and Discussions
In this work, we consider the holographic model of thermalization process for QFTs
in dS spacetime. By applying the holographic subregion CV conjecture, we study the
time evolution of subregion complexity under quench. The subregion A is chosen to be
a sphere on the boundary time slice. The dual extremal codimension-one hypersurface
ΓA in the bulk, whose volume gives the complexity of A, is found to be simply swept
out by the HRT surface along the r˜-direction. The whole time evolution of subregion
complexity can be divided into four stages: It first increases almost linearly; Then its
growth slows down and after reaching a maximum it starts to drop down quickly, and
shortly after the drop down stops and it gets to saturation finally. This picture is
similar to that in flat boundary cases but with a strip subregion [55, 92]. This implies
that the time evolution behaviours of subregion complexity are very general, and is
independent of the subregion shape and the cosmological horizon.
2We thank J.F. Pedraza for pointing out this.
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The linear growth rate in the first stage is found to almost only depend on the
mass parameter. As the subregion size approaches the cosmological horizon, this stage
is expected to last forever, and as the HEE the saturation time is logarithmically
divergent. The saturation time is found to depend almost only on the subregion size R˜,
and their relation can be well fitted by the function t˜sat = tanh
−1(R˜). It is interesting
to note that the t˜sat is just the time light takes travelling from the origin r˜ = 0 to the
boundary of the subregion r˜ = R˜. The underlying physical meaning of this fact needs
further investigation.
In this work, we only consider the HSCV conjecture. It is interesting to check
whether general behaviours of subregion complexity still holds for other conjectures,
for example the holographic subregion CA. In Ref. [101], using HEE as a probe we
show that including the Gauss-Bonnet correction will shorten the saturation time. It
is also interesting to see how the higher-derivative terms affect the time evolution of
subregion complexity. We leave these questions for further investigations.
Acknowledgement
This work was supported by National Natural Science Foundation of China (Nos.
11605155 and 11675144). We thank J.F. Pedraza for helpful comments on this manuscript.
References
[1] J. M. Maldacena, The Large N limit of superconformal field theories and
supergravity, Int. J. Theor. Phys. 38, 1113 (1999) [Adv. Theor. Math. Phys. 2, 231
(1998)] [hep-th/9711200].
[2] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Gauge theory correlators from
noncritical string theory, Phys. Lett. B 428, 105 (1998) [hep-th/9802109].
[3] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2, 253
(1998) [hep-th/9802150].
[4] S. A. Hartnoll, Lectures on holographic methods for condensed matter physics, Class.
Quant. Grav. 26, 224002 (2009) [arXiv:0903.3246 [hep-th]].
[5] C. P. Herzog, Lectures on Holographic Superfluidity and Superconductivity, J. Phys.
A 42, 343001 (2009) [arXiv:0904.1975 [hep-th]].
[6] J. McGreevy, Holographic duality with a view toward many-body physics, Adv. High
Energy Phys. 2010, 723105 (2010) [arXiv:0909.0518 [hep-th]].
[7] G. T. Horowitz, Introduction to Holographic Superconductors, Lect. Notes Phys.
828, 313 (2011) [arXiv:1002.1722 [hep-th]].
– 14 –
[8] R. G. Cai, L. Li, L. F. Li and R. Q. Yang, Introduction to Holographic
Superconductor Models, Sci. China Phys. Mech. Astron. 58, no. 6, 060401 (2015)
[arXiv:1502.00437 [hep-th]].
[9] D. Mateos, String Theory and Quantum Chromodynamics, Class. Quant. Grav. 24,
S713 (2007) [arXiv:0709.1523 [hep-th]].
[10] S. S. Gubser and A. Karch, From gauge-string duality to strong interactions: A
Pedestrian’s Guide, Ann. Rev. Nucl. Part. Sci. 59, 145 (2009) [arXiv:0901.0935
[hep-th]].
[11] J. Casalderrey-Solana, H. Liu, D. Mateos, K. Rajagopal and U. A. Wiedemann,
Gauge/String Duality, Hot QCD and Heavy Ion Collisions, arXiv:1101.0618 [hep-th].
[12] T. Banks and W. Fischler, The holographic approach to cosmology,
arXiv:hep-th/0412097.
[13] B. Swingle, Entanglement Renormalization and Holography, Phys. Rev. D 86, 065007
(2012) [arXiv:0905.1317 [cond-mat.str-el]].
[14] B. Swingle, Constructing holographic spacetimes using entanglement renormalization,
arXiv:1209.3304 [hep-th].
[15] X. L. Qi, Exact holographic mapping and emergent space-time geometry,
arXiv:1309.6282 [hep-th].
[16] L. Susskind, Computational Complexity and Black Hole Horizons, [Fortsch. Phys. 64,
24 (2016)] Addendum: Fortsch. Phys. 64, 44 (2016) [arXiv:1403.5695 [hep-th],
arXiv:1402.5674 [hep-th]].
[17] D. Stanford and L. Susskind, Complexity and Shock Wave Geometries, Phys. Rev. D
90, no. 12, 126007 (2014) [arXiv:1406.2678 [hep-th]].
[18] A. R. Brown, D. A. Roberts, L. Susskind, B. Swingle and Y. Zhao, Holographic
Complexity Equals Bulk Action?, Phys. Rev. Lett. 116, no. 19, 191301 (2016)
[arXiv:1509.07876 [hep-th]].
[19] A. R. Brown, D. A. Roberts, L. Susskind, B. Swingle and Y. Zhao, Complexity,
action, and black holes, Phys. Rev. D 93, no. 8, 086006 (2016) [arXiv:1512.04993
[hep-th]].
[20] K. Hashimoto, N. Iizuka and S. Sugishita, Thoughts on Holographic Complexity and
its Basis-dependence, Phys. Rev. D 98, no. 4, 046002 (2018) [arXiv:1805.04226
[hep-th]].
[21] D. Momeni, S. A. H. Mansoori and R. Myrzakulov, Holographic Complexity in
Gauge/String Superconductors, Phys. Lett. B 756, 354 (2016) [arXiv:1601.03011
[hep-th]].
– 15 –
[22] R. G. Cai, S. M. Ruan, S. J. Wang, R. Q. Yang and R. H. Peng, Action growth for
AdS black holes, JHEP 1609, 161 (2016) [arXiv:1606.08307 [gr-qc]].
[23] A. R. Brown, L. Susskind and Y. Zhao, Quantum Complexity and Negative
Curvature, Phys. Rev. D 95, no. 4, 045010 (2017) [arXiv:1608.02612 [hep-th]].
[24] J. Couch, W. Fischler and P. H. Nguyen, Noether charge, black hole volume, and
complexity, JHEP 1703, 119 (2017) [arXiv:1610.02038 [hep-th]].
[25] R. Q. Yang, Strong energy condition and complexity growth bound in holography,
Phys. Rev. D 95, no. 8, 086017 (2017) [arXiv:1610.05090 [gr-qc]].
[26] S. Chapman, H. Marrochio and R. C. Myers, Complexity of Formation in
Holography, JHEP 1701, 062 (2017) [arXiv:1610.08063 [hep-th]].
[27] W. J. Pan and Y. C. Huang, Holographic complexity and action growth in massive
gravities, Phys. Rev. D 95, no. 12, 126013 (2017) [arXiv:1612.03627 [hep-th]].
[28] A. R. Brown and L. Susskind, Second law of quantum complexity, Phys. Rev. D 97,
no. 8, 086015 (2018) [arXiv:1701.01107 [hep-th]].
[29] R. Q. Yang, C. Niu and K. Y. Kim, Surface Counterterms and Regularized
Holographic Complexity, JHEP 1709, 042 (2017) [arXiv:1701.03706 [hep-th]].
[30] R. G. Cai, M. Sasaki and S. J. Wang, Action growth of charged black holes with a
single horizon, Phys. Rev. D 95, no. 12, 124002 (2017) [arXiv:1702.06766 [gr-qc]].
[31] M. Alishahiha, A. Faraji Astaneh, A. Naseh and M. H. Vahidinia, On complexity for
F (R) and critical gravity, JHEP 1705, 009 (2017) [arXiv:1702.06796 [hep-th]].
[32] E. Bakhshaei, A. Mollabashi and A. Shirzad, Holographic Subregion Complexity for
Singular Surfaces, Eur. Phys. J. C 77, no. 10, 665 (2017) [arXiv:1703.03469 [hep-th]].
[33] J. Tao, P. Wang and H. Yang, Testing holographic conjectures of complexity with
Born-Infeld black holes, Eur. Phys. J. C 77, no. 12, 817 (2017) [arXiv:1703.06297
[hep-th]].
[34] W. D. Guo, S. W. Wei, Y. Y. Li and Y. X. Liu, Complexity growth rates for AdS
black holes in massive gravity and f(R) gravity, Eur. Phys. J. C 77, no. 12, 904
(2017) [arXiv:1703.10468 [gr-qc]].
[35] M. Kord Zangeneh, Y. C. Ong and B. Wang, Entanglement Entropy and Complexity
for One-Dimensional Holographic Superconductors, Phys. Lett. B 771, 235 (2017)
[arXiv:1704.00557 [hep-th]].
[36] M. Alishahiha and A. Faraji Astaneh, Holographic Fidelity Susceptibility, Phys. Rev.
D 96, no. 8, 086004 (2017) [arXiv:1705.01834 [hep-th]].
[37] F. J. G. Abad, M. Kulaxizi and A. Parnachev, On Complexity of Holographic
Flavors, JHEP 1801, 127 (2018) [arXiv:1705.08424 [hep-th]].
– 16 –
[38] A. Reynolds and S. F. Ross, Complexity in de Sitter Space, Class. Quant. Grav. 34,
no. 17, 175013 (2017) [arXiv:1706.03788 [hep-th]].
[39] K. Hashimoto, N. Iizuka and S. Sugishita, Time evolution of complexity in Abelian
gauge theories, Phys. Rev. D 96, no. 12, 126001 (2017) [arXiv:1707.03840 [hep-th]].
[40] K. Nagasaki, Complexity of AdS5 black holes with a rotating string, Phys. Rev. D 96,
no. 12, 126018 (2017) [arXiv:1707.08376 [hep-th]].
[41] Y. G. Miao and L. Zhao, Complexity-action duality of the shock wave geometry in a
massive gravity theory, Phys. Rev. D 97, no. 2, 024035 (2018) [arXiv:1708.01779
[hep-th]].
[42] X. H. Ge and B. Wang, Quantum computational complexity, Einstein’s equations and
accelerated expansion of the Universe, JCAP 1802, no. 02, 047 (2018)
[arXiv:1708.06811 [hep-th]].
[43] M. Ghodrati, Complexity growth in massive gravity theories, the effects of chirality,
and more, Phys. Rev. D 96, no. 10, 106020 (2017) [arXiv:1708.07981 [hep-th]].
[44] M. M. Qaemmaqami, Complexity growth in minimal massive 3D gravity, Phys. Rev.
D 97, no. 2, 026006 (2018) [arXiv:1709.05894 [hep-th]].
[45] D. Carmi, S. Chapman, H. Marrochio, R. C. Myers and S. Sugishita, On the Time
Dependence of Holographic Complexity, JHEP 1711, 188 (2017) [arXiv:1709.10184
[hep-th]].
[46] R. Q. Yang, C. Niu, C. Y. Zhang and K. Y. Kim, Comparison of holographic and field
theoretic complexities for time dependent thermofield double states, JHEP 1802, 082
(2018) [arXiv:1710.00600 [hep-th]].
[47] W. Cottrell and M. Montero, Complexity is simple!, JHEP 1802, 039 (2018)
[arXiv:1710.01175 [hep-th]].
[48] L. Sebastiani, L. Vanzo and S. Zerbini, Action growth for black holes in modified
gravity, Phys. Rev. D 97, no. 4, 044009 (2018) [arXiv:1710.05686 [hep-th]].
[49] M. Moosa, Evolution of Complexity Following a Global Quench, JHEP 1803, 031
(2018) [arXiv:1711.02668 [hep-th]].
[50] A. P. Reynolds and S. F. Ross, Complexity of the AdS Soliton, Class. Quant. Grav.
35, no. 9, 095006 (2018) [arXiv:1712.03732 [hep-th]].
[51] S. A. Hosseini Mansoori and M. M. Qaemmaqami, Complexity Growth, Butterfly
Velocity and Black hole Thermodynamics, arXiv:1711.09749 [hep-th].
[52] D. Carmi, R. C. Myers and P. Rath, Comments on Holographic Complexity, JHEP
1703, 118 (2017) [arXiv:1612.00433 [hep-th]].
– 17 –
[53] S. J. Zhang, Complexity and phase transitions in a holographic QCD model, Nucl.
Phys. B 929, 243 (2018) [arXiv:1712.07583 [hep-th]].
[54] S. Chapman, H. Marrochio and R. C. Myers, Holographic complexity in Vaidya
spacetimes. Part I, JHEP 1806, 046 (2018) [arXiv:1804.07410 [hep-th]].
[55] S. Chapman, H. Marrochio and R. C. Myers, Holographic complexity in Vaidya
spacetimes. Part II, JHEP 1806, 114 (2018) [arXiv:1805.07262 [hep-th]].
[56] R. Khan, C. Krishnan and S. Sharma, Circuit Complexity in Fermionic Field Theory,
arXiv:1801.07620 [hep-th].
[57] P. Caputa and J. M. Magan, Quantum Computation as Gravity, arXiv:1807.04422
[hep-th].
[58] X. H. Feng and H. S. Liu, Holographic Complexity Growth Rate in Horndeski
Theory, Eur. Phys. J. C 79, no. 1, 40 (2019) [arXiv:1811.03303 [hep-th]].
[59] H. S. Liu and H. Lu, Action Growth of Dyonic Black Holes and Electromagnetic
Duality, arXiv:1905.06409 [hep-th].
[60] J. Jiang and H. Zhang, ‘Surface term, corner term, and action growth in F (Rabcd)
gravity theory, Phys. Rev. D 99, no. 8, 086005 (2019) [arXiv:1806.10312 [hep-th]].
[61] J. Jiang and M. Zhang, Holographic complexity in higher curvature gravity,
arXiv:1905.07576 [hep-th].
[62] J. Jiang, J. Shan and J. Yang, Circuit complexity for free Fermion with a mass
quench, arXiv:1810.00537 [hep-th].
[63] J. Jiang and B. X. Ge, Investigating two counting methods of the holographic
complexity, arXiv:1905.08447 [hep-th].
[64] M. Alishahiha, Holographic Complexity, Phys. Rev. D 92, no. 12, 126009 (2015)
[arXiv:1509.06614 [hep-th]].
[65] S. Ryu and T. Takayanagi, Holographic derivation of entanglement entropy from
AdS/CFT, Phys. Rev. Lett. 96, 181602 (2006) [hep-th/0603001].
[66] V. E. Hubeny, M. Rangamani and T. Takayanagi, A Covariant holographic
entanglement entropy proposal, JHEP 0707, 062 (2007) [arXiv:0705.0016 [hep-th]].
[67] M. Miyaji, T. Numasawa, N. Shiba, T. Takayanagi and K. Watanabe, Distance
between Quantum States and Gauge-Gravity Duality, Phys. Rev. Lett. 115, no. 26,
261602 (2015) [arXiv:1507.07555 [hep-th]].
[68] B. Czech, J. L. Karczmarek, F. Nogueira and M. Van Raamsdonk, The Gravity Dual
of a Density Matrix, Class. Quant. Grav. 29, 155009 (2012) [arXiv:1204.1330 [hep-th]].
[69] M. Headrick, V. E. Hubeny, A. Lawrence and M. Rangamani, Causality &
holographic entanglement entropy, JHEP 1412, 162 (2014) [arXiv:1408.6300 [hep-th]].
– 18 –
[70] P. Caputa, N. Kundu, M. Miyaji, T. Takayanagi and K. Watanabe, Anti-de Sitter
Space from Optimization of Path Integrals in Conformal Field Theories, Phys. Rev.
Lett. 119 (2017) no.7, 071602 [arXiv:1703.00456 [hep-th]].
[71] P. Caputa, N. Kundu, M. Miyaji, T. Takayanagi and K. Watanabe, Liouville action
as path-integral complexity: from continuous tensor networks to AdS/CFT, JHEP
1711 (2017) 097 [arXiv:1706.07056 [hep-th]].
[72] B. Czech, Einstein’s Equations from Varying Complexity, Phys. Rev. Lett. 120
(2018) no.3, 031601 [arXiv:1706.00965 [hep-th]].
[73] O. Ben-Ami and D. Carmi, On Volumes of Subregions in Holography and
Complexity, JHEP 11 (2016) 129 [arXiv:1609.02514 [hep-th]].
[74] P. Roy and T. Sarkar, Note on subregion holographic complexity, Phys. Rev. D 96
(2017) no.2, 02602 [arXiv:1701.05489 [hep-th]].
[75] S. Banerjee, J. Erdmenger and D. Sarkar, Connecting Fisher information to bulk
entanglement in holography, JHEP 1808, 001 (2018) [arXiv:1701.02319 [hep-th]].
[76] E. Bakhshaei, A. Mollabashi and A. Shirzad, Holographic Subregion Complexity for
Singular Surfaces, Eur. Phys. J. C 77 (2017) no.10, 665 [arXiv:1703.03469 [hep-th]].
[77] D. Sarkar, S. Banerjee and J. Erdmenger, A holographic dual to Fisher information
and its relation with bulk entanglement, PoS CORFU 2016, 092 (2017).
[78] M. K. Zangeneh, Y. C. Ong and B. Wang, Entanglement Entropy and Complexity for
One-Dimensional Holographic Superconductors, Phys. Lett. B 771 (2017) 235-241
[arXiv:1704.00557 [hep-th]].
[79] D. Momeni, M. Faizal, S. Alsaleh, L. Alasfar, A. Myrzakul and R. Myrzakulov,
Thermodynamic and Holographic Information Dual to Volume, arXiv:1704.05785
[hep-th].
[80] P. Roy and T. Sarkar, Subregion holographic complexity and renormalization group
flows, Phys. Rev. D 97, no. 8, 086018 (2018) [arXiv:1708.05313 [hep-th]].
[81] D. Carmi, More on Holographic Volumes, Entanglement, and Complexity,
arXiv:1709.10463 [hep-th].
[82] B. Chen, W. M. Li, R. Q. Yang, C. Y. Zhang and S. J. Zhang, Holographic subregion
complexity under a thermal quench, JHEP 1807, 034 (2018) [arXiv:1803.06680
[hep-th]].
[83] D. S. Ageev, I. Y. Aref’eva, A. A. Bagrov and M. I. Katsnelson, Holographic local
quench and effective complexity, JHEP 1808, 071 (2018) [arXiv:1803.11162 [hep-th]].
[84] M. Ghodrati, Complexity growth rate during phase transitions, arXiv:1808.08164
[hep-th].
– 19 –
[85] S. J. Zhang, Subregion complexity and confinementdeconfinement transition in a
holographic QCD model, Nucl. Phys. B 938, 154 (2019) [arXiv:1808.08719 [hep-th]].
[86] M. Alishahiha, A. Faraji Astaneh, M. R. Mohammadi Mozaffar and A. Mollabashi,
Complexity Growth with Lifshitz Scaling and Hyperscaling Violation, JHEP 1807,
042 (2018) [arXiv:1802.06740 [hep-th]].
[87] M. Alishahiha, K. Babaei Velni and M. R. Mohammadi Mozaffar, Subregion Action
and Complexity, arXiv:1809.06031 [hep-th].
[88] F. Gelis, The Early Stages of a High Energy Heavy Ion Collision, J. Phys. Conf. Ser.
381, 012021 (2012) [arXiv:1110.1544 [hep-ph]].
[89] E. Iancu, QCD in heavy ion collisions, arXiv:1205.0579 [hep-ph].
[90] B. Muller and A. Schafer, Entropy Creation in Relativistic Heavy Ion Collisions, Int.
J. Mod. Phys. E 20, 2235 (2011) [arXiv:1110.2378 [hep-ph]].
[91] V. Balasubramanian, A. Bernamonti, J. de Boer, N. Copland, B. Craps,
E. Keski-Vakkuri, B. Muller and A. Schafer et al., Holographic Thermalization, Phys.
Rev. D 84, 026010 (2011) [arXiv:1103.2683 [hep-th]].
[92] Y. Ling, Y. Liu and C. Y. Zhang, Holographic Subregion Complexity in
Einstein-Born-Infeld theory, Eur. Phys. J. C 79, no. 3, 194 (2019) [arXiv:1808.10169
[hep-th]].
[93] Z. Y. Fan and M. Guo, Holographic complexity under a global quantum quench,
arXiv:1811.01473 [hep-th].
[94] J. Jiang, Holographic complexity in charged Vaidya black hole, Eur. Phys. J. C 79,
no. 2, 130 (2019) [arXiv:1811.07347 [hep-th]].
[95] D. Ageev, Holographic complexity of local quench at finite temperature,
arXiv:1902.03632 [hep-th].
[96] D. Marolf, M. Rangamani and T. Wiseman, Holographic thermal field theory on
curved spacetimes, Class. Quant. Grav. 31, 063001 (2014) [arXiv:1312.0612 [hep-th]].
[97] D. Marolf, M. Rangamani and M. Van Raamsdonk, Holographic models of de Sitter
QFTs, Class. Quant. Grav. 28, 105015 (2011) [arXiv:1007.3996 [hep-th]].
[98] W. Fischler, S. Kundu and J. F. Pedraza, Entanglement and out-of-equilibrium
dynamics in holographic models of de Sitter QFTs, JHEP 1407, 021 (2014)
[arXiv:1311.5519 [hep-th]].
[99] H. Liu and S. J. Suh, Entanglement Tsunami: Universal Scaling in Holographic
Thermalization, Phys. Rev. Lett. 112, 011601 (2014) [arXiv:1305.7244 [hep-th]].
[100] H. Liu and S. J. Suh, Entanglement growth during thermalization in holographic
systems, Phys. Rev. D 89, 066012 (2014) [arXiv:1311.1200 [hep-th]].
– 20 –
[101] S. J. Zhang, B. Wang, E. Abdalla and E. Papantonopoulos, Holographic
thermalization in Gauss-Bonnet gravity with de Sitter boundary, Phys. Rev. D 91,
no. 10, 106010 (2015) [arXiv:1412.7073 [hep-th]].
[102] W. Fischler, P. H. Nguyen, J. F. Pedraza and W. Tangarife, Fluctuation and
dissipation in de Sitter space, JHEP 1408, 028 (2014) [arXiv:1404.0347 [hep-th]].
[103] W. Fischler, P. H. Nguyen, J. F. Pedraza and W. Tangarife, Holographic Schwinger
effect in de Sitter space, Phys. Rev. D 91, no. 8, 086015 (2015) [arXiv:1411.1787
[hep-th]].
[104] K. Nguyen, De Sitter-invariant States from Holography, Class. Quant. Grav. 35, no.
22, 225006 [arXiv:1710.04675 [hep-th]].
[105] C. Fefferman and C. R. Graham, Conformal invariants, in E´lie Cartan et les
Mathe´matiques d’Aujourd’hui, (Aste´risque, 1985), 95.
– 21 –
